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A RATIONAL MAP BETWEEN TWO THREEFOLDS
Kenichiro Kimura
Let V33 ⊂ P5 be the threefold defined by the following 2 cubic equations:
X30 +X
3
1+X
3
2 +X
3
3 = 0
X32 +X
3
3 +X
3
4 +X
3
5 = 0.
Let V˜33 be the blow up of V33 along its singular locus. In [12] it is shown that the
third betti number of V˜33 is 2 and the L-series L(H
3(V˜33), s) = L(f, s) with f the
newform of weight 4 on Γ0(9). This is also the L-series of a Hecke character of the
field Q(
√−3).
Let E ⊂ P2 be the curve defined by
X3
0
+X3
1
+X3
2
= 0.
In Remark 4.5 of [4] it is mentioned that there is a piece of the cohomology H3(E3)
which has the same L-series as that of H3(V˜33). According to Tate’s conjecture
there should be a correspondence between V33 and E
3. We give such a correspon-
dence explicitly. Other relatives of these varieties are the fibered squares of the
universal curves for Γ(3) and Γ0(9). In [8] and in the section 13 of [9] Schoen
constructs correspondences between these varieties and E3.
We refer the reader to Remark 4.5 of [4] for a list of threefolds which have a two
dimensional Galois representation in H3 whose L-series is associated to an elliptic
modular form of weight 4, and known correspondences among those varieties. We
include the relevant works in the reference.
Theorem. There is a dominant rational map from E3 to V33 of degree 3.
Proof. Consider the affine piece {X3 6= 0} of V33 which is equal to
SpecQ[X0, X1, X2, X4, X5]/(X
3
0
+X3
1
+X3
2
+ 1, X3
2
+ 1 +X3
4
+X3
5
).
On the other hand, the affine open (E − {X2 = 0})3 of E3 is given by
SpecQ[x1, y1, x2, y2, x3, y3]/(x
3
1 + y
3
1 + 1, x
3
2 + y
3
2 + 1, x
3
3 + y
3
3 + 1).
1
Then there is a map from (E − {X2 = 0})3 to V33 induced by the ring homomor-
phism
X0 7→ −x1y3, X1 7→ −y1y3, X2 7→ x3, X4 7→ −x2y3, X5 7→ −y2y3.
We denote by Q(E3) and Q(V33) the function fields of E
3 and of V33 respectively.
Then one can see that the field Q(E3) is generated over Q(V33) by y3 with the
equation y3
3
+X3
2
+ 1 = 0. So this map is dominant of degree 3.
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